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Abstract
In recentyears, oneof theeffectiveenginesfor perceptual
organizationof low-level image featureshasbeenthe one
constructedaround the partitioning of a graph represen-
tation that captures the Gestalt inspired local structures,
such as similarity, proximity, continuity, parallelism, and
perpendicularity, over low-level imagefeatures.Thisgraph
partitioning process,is usually achieved by recursive bi-
partitioning, where at each stepthe graph is broken into
twopartsbasedona partitioningmeasure. We concentrate
on threesuch measures,namely, theminimumcut [31], av-
eragecut[22] andShi-Maliknormalizedcut[25]. Themin-
imumcut partition seeksto minimizethe total link weights
cut. Theaverage cut measure is proportional to the total
link weightcut, normalizedby the sizesof the partitions.
TheShi-Malik cut measure is also a normalizedmeasure,
but the normalizingfactor is the productof the total con-
nectivity(valencies)of thenodesin each partition.

Thequestionsweaskin thisworkare: Do thenatureof the
cut measuresreally matter? Are the quality of the groups
significantlydifferent for each cut measure? Basedon a
rigorous empirical evaluation, we showthat, in practice,
the quality of the groupsgeneratedusingminimum,aver-
ageor normalizedcutsarestatisticallyequivalentfor object
recognition,i.e. thebest,themean,andthevariationof the
qualitiesare statisticallyequivalent.We also find that for
certainimage classes,such asaerial andsceneswith man-
madeobjectsin man-madesurroundings,theperformance
of groupingby partitioning is theworst, irrespectiveof the
cutmeasure.

1. Intr oduction

Perceptualorganizationrefers to the processthat groups
low-level imagefeaturesbasedon emergent organization�
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exhibited amongthem, without the useof specificobject
modelknowledge.As a consequenceof thegenericnature
of this process,it impartsflexibility to vision systemsthat
arebuilt uponit. This importanceof thegroupingprocess
hasbeentheoreticallyestablishedby Clemens& Jacobs[5]
in thecontext of indexing basedrecognitionandby Grim-
son[10] in thecontext of constrainedsearchbasedrecogni-
tion,wherethecombinatoricsreducefromanexponentialto
a low orderpolynomialif we useanintermediategrouping
process.What is remarkableis that this groupingprocess
neednot beperfect. Evengroupswith missingobjectfea-
turesandsomeamountof backgroundfeaturesdrastically
reducesthecombinatorics.

Partitioning of a graph representation,definedover low-
level imagefeaturesbasedon Gestaltinspiredrelations,is
aneffective strategy for forming coherentlargeperceptual
groupsin an image. Theusualpractice,mainly motivated
by efficiency considerations,is to approximatethegeneral
K-way partitioning solution by recursive bi-partitioning,
whereateachstepthegraphis brokeninto two partsbased
on a partitioningmeasure.We concentrateon threesuch
measures,namely, theminimumcut [31], averagecut [22]
andShi-Malik normalizedcut [25]. Theminimumcut par-
tition seeksto minimizethetotal link weightcut. Theaver-
agecut measureis proportionalto thetotal link weightcut,
normalizedby thesizesof thepartitions.TheShi-Malik cut
measureis alsoa normalizedmeasure,but thenormalizing
factor is the productof the total connectivity (valency) of
the nodesin eachpartition. The questionswe ask in this
work are: Do thenatureof thecut measuresreally matter?
Are thequalityof thegroupssignificantlydifferentfor each
cut measure?Are thereclassesof imageson which group-
ing by partitioningdoesnotwork well?

We empiricallyevaluatethegroupsproducedby graphpar-
titioning, basedon the threemeasures,viz. min-cut, aver-
agecut,andnormalizedcut,giventhetaskof groupingex-
tendededgesegments.Our findingsin this regardssuggest
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thatthequality of thegroupswith eachof thesethreemea-
suresarestatisticallyequivalent,asfarasobjectrecognition
is concerned.We alsoexaminewhethertheperformanceof
thegrouping-by-partitioningstrategy dependsontheimage
class.

Theexpositionof this paperis organizedasfollows. In the
next section,wereview therelevantwork, mainly thegraph
basedapproachesto perceptualorganizationandotherre-
lated performancecomparisonwork. In Section 3, we
presentan analysisof the actual performanceof the cut
measureson real images. We concludeby discussingthe
implicationsof ourfindingsin Section4.

2. Relevant Prior Work

Oneof themostcommonapproachesto groupingis based
ongraphrepresentationsthatcapturethestructureamongst
low-level primitives such as image pixels, edge pixels,
straight lines, arc, and region patches. The links of the
graph,whicharetypically weighted,capturetheassociation
or affinity betweenthe primitives. Therearetwo different
classesof approachesfor forming groupsfrom this graph
representation.First, is the classof techniquesthatsearch
for specialgraphstructuressuchascycles[17, 13, 14, 20],
cliques[1], spanningtrees[32], or shortestpaths[20, 3].
Thesecondclassof techniquesseektofind clustersof graph
nodesbasedonsomeglobalcoherencecriterion[21, 29, 16,
22, 25, 31, 9]. In particular, we look at techniquesthatseek
to form thesenodeclustersby partitioningthegraph.

Wu andLeahy[31] proposedtheconceptof usingminimum
cuts for segmentation. They constructeda graph whose
nodesrepresentpixelsandlinks indicateaffinities. A sparse
graphwascreatedby usinga suitablethresholdfor thelink
weights. Clusterswere formedby recursively finding the
minimum cuts of this graphusing an algorithmbasedon
theFord-Fulkersontheorem.

Gdalyahu,etal. [9] approachthegraphpartitioningproblem
by stochasticclustering. They partition the graphinto �
partsby inducingaprobabilitydistributionandassigningto
eachcut a probability value that decreasesmonotonically
with its capacity.

ShiandMalik [25] suggestedthenovelnormalizedcutmea-
surefor groupingedgepixels.Thenormalizedcut measure
is the ratio of the edgescut to the productof connectivity
(valency) of thenodesin eachpartition.

Sarkarand Soundarajan[22] also use a graph partition
basedframework for groupingconstantcurvatureedgeseg-
ment primitives. Their partition metric can be shown to
be equivalentto minimizing the edgescut, normalizedby

theproductof thesizesof eachpartitionandhencecanbe
termedas the averagecut. Both the normalizedand the
averagecutscanbe well approximatedby a solutioncon-
structedout of thegraphspectra.A graphspectrumis the
setof eigenvaluesandeigenvaluesof thematrix representa-
tion (e.g.adjacency, Laplacian,normalizedLaplacian,etc.)
of thegraph.

Weiss[28] did a theoreticalevaluationof the graphspec-
tral methodsfor segmentation. He comparedfour differ-
entspectralalgorithms,namely, PeronaandFreeman[16],
Shi andMalik [25], ScottandLonguet-Higgins[23], and
CosteiraandKanade[6], andproposedoneof hisown com-
binationfor segmentation.In hisanalysis,Weissconsidered
animagewith two clusterswith differentbutconstantwithin
clusterandbetweenclusteraffinities. Heextendedhisanal-
ysis to the casewhen the variationof the within and be-
tweenclusterdissimilaritiesaresmallandto thecasewhen
betweenclusteraffinities arezero.He foundthatScottand
Longuet-Higginsperformswell for constantblocks (clus-
tersof thesamesize)andShi-Malik performswell for non-
constantblocks. Soundararajanand Sarkar[26] theoreti-
cally analyzedtheaveragecut andthenormalizedcut mea-
suresin termsof the imagestatisticsand showed the ex-
pectedresultingpartitionsto bethesame.

Borra and Sarkar[2] performedempirical evaluation on
grouping modules for constrainedsearchand indexing
basedobjectrecognition.They comparedthreeedgebased
organizationmodules,namelyEtamadi[7], Jacobs[14] and
Sarkar–Boyer [19]. Thedatasetcomprisedof 50 aerialim-
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Figure 1. Prior work.
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ages.

Williams and Thornber[30] empirically evaluatedgraph
clusteringsaliency measuresthat capturejust the associa-
tivenatureof thegroupsformed,suchasthoseproposedby
ShashuaandUllman [24], HeraultandHourad[12], Sarkar
andBoyer [21], Guy andMedioni [11], andWilliams and
Jacobs[29]. They alsoproposeda new saliency measure
thatdefinessalienceof anedgeto betherelativenumberof
closedrandomwalks that visit that edge. They first com-
paredthesesaliency measureson simpletestpatternscon-
sistingof (30, 20, and10 uniformly spaced)edgesfrom a
circle in abackgroundof 100edgesof randompositionand
orientation.Performancewasquantifiedbasedon thecom-
putedsalienciesof theobject(circle) edges.In thesecond
partof thestudy, they usededgedetected32x32imagesof
9 differentfruits andvegetablesin frontof anuniformback-
ground.To simulaterealisticnoisybackgrounds,they used
9 Canny edgedetectedtextured imagesas maskpatterns.
Thetestpatternswerethenconstructedby ANDing theveg-
etablesilhouettesinto thecenter32x32regionsof the64x64
sizededgedetectedtextures.For their testsetup,they used
a total of 405patternswith differentsignal–to–noiseratios
anddiscussjust thefalsepositiveratecomparedto thenoisy
edges.However, the strategy for choosingthe parameters
for eachof thesaliency measuresis notclear.

Ourstudycomplementsandextendsthepreviousstudiesin
thatweundertakearigorousandextensiveempiricalevalu-
ation.Theempiricalevaluationisconductedonrealimages,
usingarigorousautomatedparameterselectionprocess,and
thoroughstatisticalanalyses.

3. Empirical Evaluation

We empiricallyevaluatethegroupsproducedby graphpar-
titioning basedon themin-cut,averagecut, andShi-Malik
normalizedcuts,given the taskof groupingconstantcur-
vatureedgesegmentsfor objectrecognitionby constrained
searchbasedtechniques.We augmentthemin-cutstrategy
with additionallogic to preventsplinteringof smallgroups
of features,which it is proneto do. We simplydonotparti-
tion if sizeof oneof theresultingpartitionsis smallerthan
auserspecifiedminimumclustersize.

Thehypothesisof this empiricalstudyis that the
qualityof thegroupsgeneratedbasedonthethree
partitionmeasures,i.e. min-cut,averagecut,and
normalizedcut, are not sufficiently different to
impactobjectrecognitionin a statisticallysignif-
icantmanner.

Theroadmapfor thissectionis asfollows.First,wediscuss
thestrategy for theconstructionof andthequantificationof
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Figure 2. The geometric attrib utes used to
classify pairwise edge segment relationships
are sho wn in (a), (b) and (c). The length of the
segment "$# is greater than the length of "&% .
The photometric attrib utes of an edge pix el
are sho wn in (d).

the scenestructuregraph,which we will partition to form
thegroups.Second,we outlinehow we implementeachof
the partitioningtechniques.Third, we discussthe perfor-
mancemeasureused. Fourth, we discussthe strategy for
parameterselection.And then,we presentextensive statis-
tical analyses.

3.1. The SceneStructur eGraph

For this study we considerthe groupingof extendedim-
ageedgefeatures,namely, constantcurvaturesegments–
straight line segmentsand circular arcs. Other possible
choicesof the low level primitivesmight be pixels or re-
gion patches,which arenot consideredhere.Thegrouping
framework is essentiallythesameasthatdescribedin [22].
Wepresentjust thesketchof theessentialaspects.For more
details,thereaderis referredto [22].

The Gestalt inspiredrelationshipsof parallelism,perpen-
dicularity (T and L-junctions), proximity, continuity, and
commonregion form the basisfor the formulationof the
link weightsbetweenany two nodesrepresentingthe con-
stantcurvaturesegments. The links are quantifiedbased
onthefollowing attributescomputedbetweenany two edge
segmentsasshown in Fig 2.

1. The maximumandthe minimum distanceof the end
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pointsof the smallersegmentsto the larger segment,
normalizedby thelengthof thelargersegment.

2. Theoverlapbetweenthetwo segments.

3. Theminimumdistancebetweentheendpointsof the
two segments,normalizedby the lengthof the larger
segment.

4. Thedifferencein slope.

5. In additionto theabovegeometricattributes,we com-
putetwo photometricattributes,'!(*),+ and '!-/.103254 , that
arebasedon the responseof the secondderivative of
the smoothedimagefunction near the edge. At the
edge,this responseis of coursezero,however, away
fromtheedgetheresponsepeakstoamaximumonone
sideof theedgeandto a minimumon the otherside.
Thesepeakscapturethebehavior of theimagefunction
on eithersideof theedge.For eachedgesegmentwe
computethe averagesalongthe segmentof the mag-
nitudes( '&6�7�'98 ) andthe distances( :;6*7<:=8 ) of these
extremumpointsfrom theedgelocation.We quantify
thephotometricattributesbetweentwo edgesegments" . and "?> by ' (*),+A@CBEDGF�HJI K3LM 8 K,LN IO!P Q?R K,LM 6 K,LNTS 7 I K?UM 8 KVUN IO!P Q?R KVUM 6 K?UNWS?X
and : -/.Y03254Z@[BEDGF�HJI - LM 8 - LN IOVP QVR - LM 6 - LN S 7 I - UM 8 - UN IOVP QVR - UM 6 - UN S?X

Basedon thesephotometricand geometricattributes,we
classify and quantify the relationshipbetweeneachpair
of edgesegmentasbeingparallel,T–junction,L–junction,
continuous,or “none–of–the–above”. This is achievedus-
ing the maximumaposteriori probability (MAP) strategy
basedon the conditionalprobabilitiesof inferring the re-
lationshipsbasedon the computedattributes. The aposte-
riori probabilitiesarecomputedusingBayesiannetworks,
which efficiently andsuccinctlyencodethe relationalpri-
ors andthe apriori conditionalprobabilities. Thesepriors
and conditionalprobabilitiesare expressedin parametric
formswhoseparameters,in turn,form theparametersof the
groupingsystem.We alsouseBayesiannetworks to quan-
tify theproximity andthecommonregion factorsbetween
two edgesegmentsin a MAP fashion. The sumof these
threemaximumaposterioriprobabilitiesform the weights
of thescenestructuregraph.

3.2. Graph Partitioning Implementations

Theaverageandthenormalizedcut measuresbasedparti-
tioning canbewell approximatedusinggraphspectralpar-
titioning strategies.This techniqueinvolvesthecalculation
of thesecondeigenvectorof theLaplacianmatrix represen-
tationof thescenestructuregraph.For theaveragecut, we

usetheunnormalizedLaplacianmatrix andfor thenormal-
izedcut,weusethenormalizedversion.Wereferthereader
to [25, 22] for moredetailsaboutthesupportingtheory.

We usetheLEDA-4.0 implementationof themin-cutalgo-
rithm. The implementationis basedon the algorithmpro-
posedby [27]. The algorithmusesthe conceptof Prim’s
minimum spanningtree algorithm. The algorithm starts
with a nodein thegraphandkeepsaddingthemostloosely
connectednodeto this original node.In doingso, it builds
upsubsetsof nodeswhicheventuallyleadsto thefull setof
nodesin thegraph.During this process,thecostof adding
eachloosely connectednodeto the subsetis maintained,
which is usedto identify theminimumcostpartition(s).

3.3. PerformanceMeasure

We evaluatethe quality of the final groupsin termsof the
expectedperformanceof a constrainedsearchbasedobject
recognitionstrategy startingfrom thegroups.In [2], Borra
andSarkarproposedperformancemeasuresthatdo not re-
quire building a full vision system,but insteadusemanu-
ally specifiedgroundtruth. Let (i) \^] M denotethenumber
of featuresin thedetectedgroup( _=. ), (ii) \^` N denotethe
numberof model features(groundtruth) in a*> , and (iii)\ ] M5b ` N denotethenumberof groupfeaturesthatlie on the
model. We can constructtwo performancemeasuresthat
capturetheexpectedtimeandqualityof matchinggroup _ .
with model a*> asfollows.

We startfrom theexpressionfor complexity of constrained
searchbasedobjectrecognitionusingimperfectgroups.As-
sumingthatall featuresareequallyimportant,Grimson[10]
showedthattheexpectedsearch,cd2 � K ( , is essentiallypoly-
nomial if we terminatewhenthe numberof matchedfea-
turesequalsomepredeterminedthreshold,e . Theexactex-
pressionis givenby:

\f` N \^] Mhgji Mg i Mlk!mnN o cd2 � K (cd2 � K ( o e
\^` N \f] Mhg i Mg i MpkqmnN;r/s�tvu 	g mnNxw %
* rzy % g{i Mg mnNxwE| R�} i M} m N u 	 8 # S�~

(1)

Theconstanty is smallandis typically equalto 0.2 �� where�
is the total perimeterof the objectand � is the image

dimension.If g i Mg mnN�o��$� � 	� 	 thenthe searchis essentially

quartic. In the worst case,
�C� � andthe requirementis\ ] M o[�$� \ ` N , avery liberalbound.Thetermin theabove

equationthatdependsonthequalityof thegroup,is theratio
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Figure 3. Example used to illustrate perf or-
mance measure computation. (a) Ground
truth models, (b) Groups formed.

g{i Mg i MpkqmnN . Thisconstitutesthefirst performancemeasure.

� 2�.�( �G� _=.�7,a >q� @ \f] M b ` N\ ] M (2)

Thismeasurerangesfromzeroto oneandshouldbeaslarge
aspossibleto minimize theamountof search.Thequality
of theterminatedconstrainedsearchwill beproportionalto
thethreshold,e , which is thenumberof modelfeaturesex-
plainedby thegroup.Thus,themodelto groupmatchqual-
ity canbecapturedby 2g m$N . Usingthisexpression,coupled

with the fact that the terminationthreshold e is lessthan
thenumberof commonfeaturesbetweenthemodelandthe
group, \ ] M�b ` N , BorraandSarkar[2] suggestthefollowing
asthesecondperformancemeasure,

�{��� ),� � _ . 7,a�> � @ \ ] M5b ` N\^` N (3)

The measurerangesfrom zeroto oneandshouldbe large
enoughto ensurehigh confidencerecognition. High val-
uesof thismeasurewill helpdiscriminatebetweenmodels,
whichwill boosttherecognitionaccuracy.

Considerthe scenariothat the groupingalgorithm gener-
ates \ groups,_ # 7V�!�V�V73_ g for an imagewith � objects,a # 7V�V�!�V7,a;� . For eachpair of thegroup, _=. andtheimage
object, a > , that overlap, we compute

� 2�.Y( �G� _=.37,a >q� and� ��� )�� � _=.<73a >&� . Also, let \Z��� � K ��)3�V� be the total numberof
overlaps,which canbeanywherebetween0 and \�� . We
usethe compositeperformancemeasure,� by combining
thesemeasuresasfollows,

� @�� r�� . > � 2�.�( � � _ . 7,a�> �\Z��� � K ��)3�V� wdr�� . > �j�
� ),� � _ . 73a*> �\^�<� � K �Y)<�!� w
(4)

Considerthe exampleshown in Fig 3(a), wherewe have
two objects,shown in differentcolors.In Fig 3(b) thereare
two possiblegroupsof straight line features,denotedby,
again,differentcolors. Observe thatoneof the features�&�
is groupedalongwith featuresthat predominantlybelong
to object2. The commonnumberof featuresbetweenthe
objectsandthe groupsare: \f] � b ` � @¡  , \^] � b ` 	 @ � ,\f] 	 b ` � @ s and \f] 	 b ` 	 @£¢ . Let thenumberof features
in themodelobjectsbe4 each.Thenumberof featurein the
two groupsare2 and4, respectively. Using thesevalues,
the overall performanceis � @ � �¥¤ � ¤ . On the otherhand
if the �&� featurehadbeencorrectlygroupedwith object1,
thenwe have \ ] � b ` � @¦¢ , \ ] � b ` 	 @ � , \ ] 	 b ` � @ �
and \ ] 	 b ` 	 @§¢ . In this casewe get � @ � �¨¤G© ¢ . It is
easyto seethat if therewereany strayfeatureswhich did
not belongto eitherof theobjects,thenit would bring the
individualmeasuredownbyacertainamount,whichin-turn
lowersthevalueof � .

We canconcludethat this productform of combinationof
the two individual measurestendsto assignequalimpor-
tanceto thetimeandqualityof recognition.In addition,the
usednormalizedsummationform for eachof themeasures
tendsto (i) penalizea groupthat is spreadacrosstwo ob-
jectsmorethana groupthat overlapswith oneobjectand
thebackground,(ii) preferlargegroupsover smallgroups,
and(iii) penalizegroupsof featuresthat do not belongto
any object.

We usethe individual edgepixels, insteadof the line seg-
mentsasin Fig 3, areour primitive features.The manual
constructionof 3D modelsis cumbersomeandnot to say
theleast,timeconsuming,andthisrenderstheperformance
analysisalmostintractablefor real domains. We circum-
vent this problemby usingmanualoutlinesof object fea-
turesin eachimage.Givenanedgeimage,thecollectionof
edgepixelscloseto themanualoutline representsthe per-
fect groupingof featuresin an image. In the caseof 2D
model basedrecognition,particularly thosethat are view
based,thenumberof edgepointswill provide a goodesti-
mateof thenumberof modelfeatures.

3.4. ImageSet

We usea databaseof 50 images. Thereare10 imagesof
naturalobjectsin indoorbackgrounds,10 imagesof natural
objectsin outdoorbackgrounds,10 imagesof man-made
objectsin outdoorbackgrounds,10 imagesof man-made
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objectsin indoor backgrounds,and 10 aerial imagesthat
containedman-madeobjectsin naturalsurroundings.Soes-
sentially, we have 5 differentimageclasses.Eachof these
imagesis associatedwith manualgroundtruth outlinesof
theobjectsof interest.It tookusapproximately30–60min-
utesper image,dependingon their sizeandalsothe com-
plexity of the objectsin the image, to groundtruth each
image. We avoidedoutlining ambiguousnon-sharpedges,
e.gdueto wrinkleson a shirt. We specifytheprotocolfol-
lowedduring thegroundtruth creation.This protocolwas
followedto themaximumextentpossible.

3.4.1 Ground Truth Creation

For eachobject in the imagewe creategroundtruth out-
linesbasedon theedgesthatarevisible in theimages.The
criterionfor selectingtheedgesis thatonemustbeableto
recognizethe object from the groundtruth outlines. Only
edgesthat are visible in the imageare marked. If there
areno imagesupportfor anedgein a region thenit is not
markedeven if we know, from the prior knowledgeof the
objectshapethatanedgeexists.In realimages,wehavethe
problemof textureswithin theboundariesof anobjectand
in thebackground.Thetexturewithin theobjectis marked
if it forms an importantpart for the objectmodel. For ex-
ample,thezebrastripesif notmarked,couldhavea similar
modelasthatof a horse.

Figs 4(a), (b), (c) and (d) shows a sampleof the natu-
ral objectsin indoor background. Figs 5(a), (b), (c) and
(d) shows a sampleof thenaturalobjectsin outdoorback-
ground. Figs 6(a), (b), (c) and(d) shows a sampleof the
man-madeobjectsin indoor surroundings.Figs 7(a), (b),
(c) and(d) showsasampleof theman-madeobjectsin out-
doorsurroundings.A sampleof aerialobjectsareshown in
Figs8(a),(b), (c) and(d).

3.5. Parameter Selection

Oneof theimportantaspectsof empiricalperformanceeval-
uation is the choice of the parametersof the algorithm.
Thepresentgroupingframework has21parameters:13are
usedin theBayesiannetworksthatareusedto quantifythe
graphlinks, 2 parametersare usedby the graphspectral
partitioning(minimumclustersizeandmaximumpartition
strength),3 areedgedetectionparameters,3 parametersare
usedby theconstantcurvaturecontoursegmentationalgo-
rithm. We selectthe optimal parametersby stochastically
samplingtheparameterspaceusinga teamof learningau-
tomata,asdescribedin [22, 4]. From the stochasticsam-
pling, we select100 bestperformanceson eachof the 50
imagesfor eachof the3 cut types.

The stochasticsamplingis effectedby a teamof learning
automata.We associateone learningautomatonwith one

(a) (b)

(c) (d)

Figure 4. Sample ground truth-ed images
from Natural indoor image set.

(a) (b)

(c) (d)

Figure 5. Sample ground truth-ed images
from Natural outdoorimage set.

algorithmparameter, asshown in Fig 9. A learningautoma-
ton (LA) is analgorithmthatadaptively choosesfrom a set
of possibleactionson a randomenvironment(the group-
ing algorithm and the images)so as to maximizethe ex-
pectedfeedback(quality of the groups). Eachautomation
usesa probability vector definedover the set of actions,� ��ª # � 7 � �5ª % � 7V«!«V«V7 � ��ª K � to randomly choosebetween '
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(a) (b)

(c) (d)

Figure 6. Sample ground truth-ed images
from Man-madeindoor image set.

(a) (b)

(c) (d)

Figure 7. Sample ground truth-ed images
from Man-madeoutdoorimage set.

possibleactions, ª #G7V«!«V«V7 ª K . At start,
� �5ª # � @ � �5ª % � @«V«V« � ��ª K � @ sG¬ ' so thateachactionis equallylikely. The

environmentwhich in our caseincludesthe groupingal-
gorithm andthe image(s),evaluatesthe performancewith
the setof parameters,eachindividually chosenby an au-
tomaton.At eachiteration,basedon thefeedbackfrom the
environmentandpastactionhistory, theactionprobability
vectoris updatedso that the actionwith large feedbackis
morelikely to be chosenthanthosethat resultedin small
feedbackvalues.Over time, theactionthatmaximizesthe
feedbackwill bechosen.

(a) (b)

(c) (d)

Figure 8. Sample ground truth-ed images
from Aerial image set.

Choices: {v  ,..., v  }1 r

P(v  ),...,P(v  )r1

vk

vN

v
1

Automaton 1

Automaton k

Automaton N

Environment

Past Game
History

Action Probability Vector

Updating Algorithm
Learn Rate 

(for parameter N)

(for parameter 1)

µ

the team of automata at
each iteration

parameter set chosen by

of the output with the 

Evaluate the performance

Estimated
Game Matrix

Figure 9. Team of learning automata for learn-
ing parameter combinations.

It canbeshown [15] that the teamof learningautomatais­ -optimal, i.e. the teamwill convergecloseto globalopti-
malvalues.Also, sincetheteamoperatesin adecentralized
fashion,it is a very efficient mechanismfor exploring ex-
tremelylargeparameterspaces( sq� %�# , in ourcase).Therate
of convergenceis dependentontheunderlyinglearningrate® , which is initially setto 0 for thefirst 100 iterationsand
thenlater on we setit to � � s . In Fig 10, we seetwo trace
runsof theaveragefeedbackfrom theenvironmentwith it-
eration,which, asexpected,increaseswith iteration. Ob-
servethatboththetracesfollow thesamepattern.Theusual
recommendedstoppingcondition is expressedin term of
theprobabilityof theoptimalactionbeinghigh. However,
sincewe areconcernedjust with selectinggoodparameter
combinations,wedecideto stopwhentheautomatateamis
unableto find any parametercombinationthatis betterthan
thepreviousonesfor 100consecutive iterations.
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Figure 10. Actual trace of the LA.

For eachcut measure,we run the the learningautomata
teamon eachimage. From theselearningtraces,we se-
lect 100bestparametercombinationson a per-imagebasis
for eachcutmeasure.

3.6. Statistical Analysis

We presentdetailed evaluation of the grouping perfor-
manceswith thethreegraphpartitioningmeasures.Theba-
sisof thestatisticalanalysisaretheperformanceswith 100
bestparametercombinations,selectedfrom the stochastic
samplingof the learningautomatateam, on eachof the
50 images,for eachof the 3 cut types. Thus, we have
15,000different parameters,images,cuts, and quantified
performancecombinations.In thefollowingsubsectionswe
first considerthe following questions:Are thebestperfor-
mancesfor eachcut type significantlydifferent? Are the
meanperformancesof thecut measuresstatisticallydiffer-
ent? Is thevariationof performancefor eachcut typesig-
nificantlydifferentfrom eachother?Is performancedepen-
denton imageclass?We follow this,by presentationof re-
sultsfor visualassessmentandadiscussionof time issues.

3.6.1 Ar e the bestperformancesfor eachcut type sig-
nificantly differ ent?

Doesthe performancefor eachpartition cut measuresig-
nificantly differ from othersfor the bestparametercom-
bination on eachimage? Fig 11 shows the histogramof
the performances,� , for the bestparametercombination
on eachof the images. We seethat the histogramsover-
lap andwe cannotclearlyseparateout onefrom theother.
This grossobservation canbe refinedby analysisof vari-
ances(ANOVA)1, which takesinto accountvariationsdue

1Analysisof varianceis a generalstatisticalmethodfor analyzingex-
perimentaldata. Many texts on statisticsdescribeanalysisof variance
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Figure 11. Histogram of the best � s (perf or-
mance measure) for each of the cuts on all
the 50 images

Source DF SS F-value P-value Comments
Cut 2 0.0053 2.08 0.1304 Not Significant

Image 49 0.0053 35.81 0.0001 Significant

Table 1. ANOVA of the best perf ormance on
all images.

to independentfactors.Thesourcesof performancevaria-
tion aretwo: theimagesetandthecut type. Table1 shows
theresultsfrom analysisof variance.ANOVA unravelsthe
impact of eachsourceof variation on the total variation,
which are listed in the first column. The secondcolumn
(DF) refersto thedegreesof freedom(sincethereare3 dif-
ferentcuts,the �°¯ for thatfactoris 2). TheSScolumnlists
theTypeI Sumof Squares.TheF-valuefor eachsourceis
theratio of thevariancebetweendifferentsourcevaluesto
thevariancewithin thesamesourcevalues.LargerF-values
imply larger impactthat the respective sourcefactorshave
on the overall variation. Finally the P–value tells us the
level of significanceof ± O , the NULL hypothesisviz, the
variationdueto the sourceis not significant. If P-valueis
lessthan0.05, thenwith morethan95% confidencelevel
we canrejecttheNULL hypothesis.FromTable1 we see
that thecut type is not a significantsourceof variation(P-
valueis greaterthan0.05).Themajorsourceof variationis
the imageset. So, it is clearthat thebestperformancesdo
not dependon thethreecut measuresusedfor grouping.In
fact,we have found that thesecondbest,third best,fourth
best,andthefifth bestperformancesalsodo not dependon
thecutmeasure.

One of the criticisms againstANOVA is that it assumes
normally distributederrors. So, we alsoconsiderednon–

methods.For example,see[18] for anintroductionto thesubject.
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WilcoxonScores(RankSums)for performanceclassifiedby VariableCut

Cut # Samples StdDev ²�³ MeanScore
Average 250 2796.92 364.90

Normalized 250 2796.92 375.31
Minimum 250 2796.92 386.28

ChiSQ= 1.2169;DF = 2; Prob ´ ChiSQ= 0.5442

Table 2. Wilco xon Rank Sum for the Best 5
performances of the grouping algorithm w.r.t
the type of graph par titioning used, i.e. Aver-
age cut, Normaliz ed cut and Minim um cut are
not significantl y diff erent.

Source DF SS F-value P-value Comments
Cut 2 0.0118 2.82 0.0644 Not Significant

Image 49 2.4849 24.22 0.0001 Significant

Table 3. ANOVA of the � �T# t �µ% t ��� t �/# O3O � ¬xs!�¶� .
parametrictestsof thedata,theresultsof which areshown
in Table2. Thefirst columnof thetableis theclassification
variable,namelythecutmeasure(Cut). Thesecondcolumn
showsthenumberof samplesconsideredfor eachof thecut
measure.Thethird columnshows thestandarddeviation in
theexpectedhypothesis.The lastcolumnshows themean
scoreof thesamples.Also at thebottomof thetableis the
Chi–squarevalueandtheprobabilityvalue,whichindicates
thatthegroupsproducedby thethreemeasuresarenot sig-
nificantlydifferent.

3.6.2 Is the meanperformanceof the cut measuressta-
tistically differ ent?

We considerthemeanperformanceof the100bestperfor-
mances,� ( � )�· , oneachimage,for eachcut type.Are these
meanperformancesstatisticallydifferent?No. Theresults
of theANOVA areshown in Table3. Wesee,asbefore,that
thecut typedoesnotmakeasignificantimpacton themean
performancemeasure.We canalsoseefrom the F-values
thattheimagesarestill adominantsourceof variation.

3.6.3 Is the variation of performancefor eachcut type
significantly differ ent fr om eachother?

We have alreadyshown that the cut type doesnot make
a significantimpacton the bestandthe mean(of the 100
best)performanceover all the imagesets. Herewe con-
sider the variation in performance,which we quantify by
thedifferencebetweenthebestperformanceandthe s!�¶� 254
bestperformanceon eachimage,�T# 8 # O3O @ �T#�¸¹�/# O3O . Ta-

Source DF SS F-value P-value Comments
Cut 2 0.0042 1.00 0.3732 Not Significant

Image 49 0.1732 1.65 0.0180 Significant

Table 4. ANOVA of the � # 8 # O3O @ � # ¸¹� # O<O .

ImageClass Cut Lower CL UpperCL Mean
Average 0.55 0.65 0.60

1 Normalized 0.54 0.67 0.61
(NO-I) Minimum 0.55 0.67 0.61

Average 0.52 0.71 0.61
2 Normalized 0.50 0.73 0.61

(NO-O)) Minimum 0.51 0.73 0.62
Average 0.43 0.54 0.49

3 Normalized 0.44 0.57 0.50
(MO-I) Minimum 0.47 0.59 0.53

Average 0.48 0.72 0.60
4 Normalized 0.53 0.78 0.65

(MO-O) Minimum 0.54 0.74 0.64
Average 0.46 0.55 0.50

5 Normalized 0.44 0.52 0.48
(Aerial) Minimum 0.42 0.52 0.47

Table 5. Mean values with 95% confidence
level of the best perf ormance inde x, � , for
each class of images considered for each cut
type . NO-I indicates natural objects indoor s,
NO-O indicates natural objects outdoor s, MO-
I indicates man–made objects indoor s and
MO-O indicates man–made objects outdoor s.

ble4 lists theANOVA results.We canseethattherangeof
performance�/# 8 # O3O for the cut typesarenot significantly
different.

3.6.4 Is performancedependenton imageclass?

As we have describedabove, we have 5 classesof images
in thedataset. Thequestionwe askis: Is theperformance
of thegrouping-by-partitioning strategy, irrespective of the
partitioning measureused,dependenton the imageclass
type? Table5 lists the meanvaluesof the performances,
alongwith 95%confidenceintervals, for eachimageclass
andfor eachcut type.Weobserveclearlythatin eachof the
imageclassthereis not muchof variationsin performance
with respectto the cut measure,thusreinforcingour con-
clusionof the previous section. We alsoobserve that the
performancefor imagesof manmadeobjectsin indoorsur-
roundingsandaerial imagesis lower thanfor otherimage
classes.

To establishthestatisticalsignificancesof our observation,
we conductedANOVA. The two independentfactors,the
cut measureandthe imageclass,alongwith their interac-
tion are the possiblesourcesof variations. The resultsof
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Source DF SS F-value P-value Comments
Cut 2 0.0053 0.20 0.8184 Not Significant

ImageClass 4 0.5524 10.44 0.0001 Significant
ImageClassº Cut 8 0.0256 0.24 0.9820 Not significant

Table 6. ANOVA of the best perf ormance on all
images with interactions between the Image
Class and the Cut type .

ANOVA areshown in Table6, whereweseethat,asbefore,
thevariationof performancedueto the cut measureis not
significant. In addition,the interactionbetweenthe image
classandthecut typeis alsonot significant.Thus,it is not
likely the casethat onecut measureis appropriatefor one
imageclasswhile anothercut measureperformsbetterfor
anotherimageclass.However, thevariationdueto theim-
ageclassesis significant.Thus,theperformancevariations
betweenimagesclassesthat we seein Table 5 is signifi-
cant. The performancesfor imagesof man-madeobjects
in indoorsurroundingsandaerialimagesarelower thanfor
otherimageclasses.

3.6.5 Visual assessmentof results

In this sectionwe presentfinal groupingresultson some
imagesfor visualassessment,which becauseof its subjec-
tive naturehasto bedonewith caution.Visualassessment
might not agreewith the computedperformancemeasure,� . In particular, we have to keepin mind that our perfor-
mancemeasure(i) penalizesgroupsthat straddlestwo ob-
jectsmorethangroupsthatincludepartof anobjectandthe
background,and(ii) penalizessmallgroups.

Fig 12 shows threeimageson which all cut measuresper-
forms equallywell. Fig 12 (b), (c) & (d) shows the best
performancesof all the cuts. In Fig 12 (f), (g) & (h), we
seethe lizard imageon the table top. Observe that in the
groundtruth imagetherearethreedifferentobjectsin this
particularcase.Oneis thelizardby itself andtheothertwo
objectsarelocatedat thetopof theimage.All thecutalgo-
rithmsareableto form groupscorrespondingto thethedif-
ferentobjects.However, eachgroupincludeslargeamount
of backgroundclutter. In Fig 12 (j), (k), & (l), we see
theperformancesof all thecutson a zebraimage.Clearly
all thecut algorithmsareableto separateout theregularly
strippedzebrafrom thegrassbackground.On ourweb-site
(http://marathon.csee.usf.edu/PO.html) we
show theresultsonall the50 images,for eachcut type.

Fig 13 shows the performanceson someimageson which
thecut measuresdiffer the most. In Fig 13(a)the average

cut performsthe best. Note that most of the background
clutter is removed and the bird is groupedproperly. The
normalizedcut is bestfor Fig 13 (e) andthemin-cut is the
beston Fig 13 (i). However, aswe have seenearlier, this
dependenceof performanceof eachcuttypeontheimageis
not statisticallysignificant.Variationdueto theimagetype
swampsany variationdueto the cut type. This reinforces
theargumentagainsttherelianceon just visualassessment
of resultsona few images.

3.6.6 Time Issues

Fig 14 shows thedistribution of the time in secondstaken
by eachcut algorithmsto finish the groupingprocess,in-
cludinglow-level processingandgraphconstruction,which
arethesamefor all thecut measures.Thealgorithmswere
run on a Sun Ultra-Enterprisewith a clock speedof 247
MHz. We canclearly seethat the time taken to compute
thenormalizedcut vary morethantheothertwo cuts.This
canbeattributedto thenormalizedLaplacianmatrix struc-
ture, all of whosediagonalentriesareoneandthe restof
the entriesarenegative but with absolutevalueslessthan
one. Whereasfor the averagecut, the diagonalelements
canhave a valuegreaterthan1. Hencethe relative varia-
tion betweenthematrix elementis lessfor thenormalized
cutcase,whicheffectstherateof convergenceof theeigen-
value/eigenvectorcomputations.

4. Conclusionsand Implications

Thefollowing is anitemizedsummaryof theconclusionof
thisstudy.

1. The bestor even the meanof the 100 bestpossible
performanceson eachimage for the three different
cut measuresarenot significantlydifferentfrom each
other. However, thevariationdueto theimageclasses
is significant.Theinteractionbetweentheimageclass
andthecut typeis alsonotsignificant.Nonparametric
testssuchasWilcoxon RankSumScoresalsoleadto
theconclusionthat the bestperformancesof eachcut
typearestatisticallysimilar.

2. Theperformancewith the threemeasuresis worst for
manmadeobjectsin indoorsurroundingsandfor aerial
images.

3. Therangeof performancefor the100bestparameters
for thethreecutsarenotstatisticallydifferent.

4. The meanperformancewith the 100 bestparameters
for thethreecutmeasuresarealsonotstatisticallysig-
nificant.

5. The normalizedcut basedpartition took significantly
larger time to computethanthe averageandthe min-
cut for a largenumberof cases.
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So, what are the implicationsof the conclusionsthat we
have drawn from this study?First, thechoiceof thenature
of thecut measuredoesnot seemto becritically important
for strategies that rely on grouping-by-graph-partitioning.
Theaveragecut measureseemsto bea betterchoicebased
on time considerations.Second,the importanceof learn-
ing groupingparameterson a per imagebasisis obvious.
Performancescanvary greatlywith thechosenparameters.
Third, imagetypedominateasa sourceof variationin per-
formance.Poorperformanceoncertainimagetypessuchas
aerialandman-madeobjectsin indoorsurroundingsmaybe
attributedto thefactthatthestatisticsof theobjectsof inter-
estandthebackgroundaresimilar. Relationsthatarericher
thanjust2-aryonesmightneedto beconsideredwhencon-
structingthescenestructure(hyper)-graph.Just2-aryrela-
tionsareprobablyinadequatefor thesedomains.
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Figure 12. Images on whic h all three cuts per-
form equall y well.
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Figure 13. Sample of images on whic h the per-
formance of one cut is the most diff erent from
the other .
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Figure 14. Box plot of the time (in seconds)
taken by the average, normaliz ed and the min-
imum cut over a set of 20 images.
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