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Abstract

In this paper, we propose a novel design of high

performance Bayes classifier from a small number of

observations. The two main challenges to obtain the

classifier are the lack of the true functional form of the

class-conditional density and the lack of enough data

to estimate the parameters of the classifiers. Incremen-

tal learning of Gaussian Mixture Model (GMM) is used

to mitigate the lack of the true functional form. More-

over, the classifier uses the training samples from all

classes to evaluate the goodness of a particular mixture

to be used as the classifier for a specific class. This

selection process eases the difficulty of the accurate pa-

rameter estimation. Thus, the important trait of the pro-

posed classifier is being able to estimate simultaneously

class-conditional density and inter-class boundaries to

arbitrary precision. Our experimental results show that

the proposed classifier not only has better performance

than the conventional classifiers but also requires fewer

parameters.

1 Introduction

Bayes decision theory is the foundation of statisti-

cal pattern recognition. According to the theory, the

maximum a posteriori (MAP) decision rule is guaran-

teed to minimize the probability of error. Thus, the

conventional classifier attempts to estimate the class-

conditional densities as accurate as possible. In prac-

tice, these density estimations might be inaccurate ei-

ther due to the lack of information on the true functional

form of the class-conditional density, or due to the lim-

ited number of observations available to approximate

the parameters of the density function.

Gaussian Mixture Model (GMM) has been shown to

“quickly” approximate any target density with arbitrary

precision [4]. For classifier design, this mitigates the

problem due to the lack of information on true func-

tional form. Moreover, this result still holds if the mix-

ture component is learned incrementally, e.g., start with

one mixture and add one mixture after another. To iden-

tify a new component to add to the model is equivalent

to find the global maximum of a log-likelihood surface.

It is proposed in [4] to perform grid search in the param-

eter space. In many practical applications, this search-

ing is infeasible especially in the case of a small number

of observations. We address this problem by using clas-

sification based mixture selection technique.

In this paper, we propose the design of a Bayes clas-

sifier with the objective of achieves good approxima-

tions of class-conditional densities and inter-class de-

cision boundaries simultaneously. To achieve the ob-

jective, we make use of a mixture selection criteria and

add mixture components incrementally. The main ad-

vantage of the criteria is its capability to use the contri-

bution of the available training sample to quantify the

goodness of a particular mixture as the inter-class de-

cision boundaries. The use of incremental learning is

later shown to allow the classifier design to circumvent

the need to specify the initialization mixtures and still

be able to approximate the true density to arbitrary pre-

cision. The experiments show that the proposed clas-

sifier has good generalization capability in addition to

low complexity.

The remainder of this paper is organized as follows.

Section 2 introduces the conventional and the discrim-

inative mixture selection criteria that are used in this

study. Section 3 explains the incremental learning al-

gorithm used to obtain the low complexity and highly

discriminative classifier. Experiments on a set of ma-

chine learning datasets are provided in the section 4.
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2 Mixture Model Selection

For a given set of M categories or classes {Ci : i =
1, · · · ,M}, the classifier task is to assign an incoming

pattern x into one of the classes. Decoding based on

Bayes classification theory is guaranteed to minimize

the probability of error. Thus, a Bayes classifier choose

the class Ci that yields the maximum value of P (Ci|x),
the posteriori probability of the class, given the data.

By using the Bayes rule, the Bayes decoding is equiva-

lent to maximizing the product of the class-conditional

probability p(x|Ci) and the prior probability of the class

P (Ci). That is,

x ∈ Ci if i = arg max
k

p(x|Ck)P (Ck) (1)

where x is the input data to the system. Mixture model

selection problem consists of selecting a single topol-

ogy Til as sole representative of the class Ci. This pro-

cess is carried out by using selection criteria such that:

Ci uses Til if l = arg max
k

C(Tik) (2)

where we assume that there is a set of Li candidate

models, {Mil : l = 1, · · · , Li} for each class Ci. Each

model Mil includes both the model structure (topol-

ogy) Til and the parameter of the model Λil. Thus, each

model Mil implements the class-conditional probabil-

ity p(x|Ci) as p(x|Til,Λil).
We consider two approaches for mixture model se-

lection for classifier design, i.e., Bayesian Information

Criteria (BIC) and Discriminative Information Crite-

ria (DIC). The major difference between the two ap-

proaches is in the use of class label information. BIC

does not use the information while DIC does use the

information.

The standard criterion to choose the number of com-

ponents in each class is to use BIC [1]; which assigns

score to each topology using the following definition:

BIC(Til) = log p(X; Til,Λil) − β
Kil

2
log Ni (3)

where Kil is the number of free parameters and Ni is

size of the observations for class Ci. The BIC is the

sum of the likelihood and the term Kil

2 log Ni which is

a penalty of the number of free parameters in the model.

The β term is intended as the regularizing term. In this

study, β is set to be 1.

To quantify the goodness of a mixture to specify

the inter-class decision boundary, we advocate the use

model selection based on DIC proposed by Alain Biem

[1]. This criterion takes into account not only the num-

ber of free parameters in the model but also the inter-

class boundaries, which are important for classification

(decision) process. This criterion is defined as follows:

DIC(Til) = log p(Xi; Til,Λil)

− β

∑M−1
j=1,j 6=i log p(Xj ; Til,Λil)

M − 1

+
Kil

2(M − 1)

M−1∑

j=1,j 6=i

log
Nj

Ni

(4)

The first term is the likelihood of the data,

log P (Xi|Til,Λil), and the second term is the av-

erage of the anti-likelihood terms, log P (Xj |Til,Λil).
The anti-likelihood of the data Xj against the model

from class Ci is a likelihood-like quantity in which

the data and the model belongs to competing cate-

gories. The third term accounts for the number of

free-parameters in the models and equals to zero if

the datasets are of the same size. In this study, the

regularizing constant β is set to be 1 to indicate equal

important between the target class and the competing

classes.

Indeed, there are many information criteria for clas-

sification task, e.g. Classification Information Criteria.

The DIC is unique because it is closely related to the

Minimum Classification Error (MCE) classifier design

framework [3]. Using the smooth 0-1 approximation

to classification loss through the ratio of two likelihood

terms, the MCE framework optimize the classifier and

the DIC procedure select the best mixture to ease the

difficulties to approximation of classifier parameters.

3 Incremental Mixture Learning

Conventional mixture-based classifiers use EM algo-

rithm to approximate the class-conditional density. The

main attraction of the EM algorithm is that it guaran-

tees non-decreasing in the data log-likelihood. Never-

theless, the EM algorithm assumes the information on

the number of mixtures is available for classifier design.

To avoid this difficulty, we use the incremental mixture

learning, in which we increase the number of mixture

one by one.

For each class i, we starts the learning process from

one mixture model. Using k to denote the number

of mixture in the model, the model Mil implements

the class-conditional probability p(x|Ci) is written as

p(x; T
(k)

il ,Λ
(k)
il ). In the case, a new mixture is added

with density φk+1(x), a new class conditional density

p(x; T
(k+1)

il ,Λ(k+1)) is defined as follows:

p(x; T
(k+1)

il ,Λ
(k+1)
il ) = (1 − α)p(x; T

(k)
il ,Λ

(k)
il )

+αφk+1(x) (5)



Datasets Cancer Heart Iris New Thyroid Wine Zoo

Non-Incremental
BIC 95.3(2.0) 81.0(3.7) 96.7(5.0) 96.8(5.3) 95.5(3.5) 91.7(10.2)

DIC 96.5(2.2) 82.3(4.0) 97.3(4.5) 97.8(3.3) 96.5(4.1) 91.6(8.9)

Incremental
BIC 95.6(7.9) 80.6(2.9) 96.7(4.7) 97.0(5.9) 95.4(4.0) 91.5(9.5)

DIC 97.2(1.9) 83.7(6.4) 98.0(4.6) 97.4(3.3) 96.6(3.5) 91.6(10.5)

Table 1. The average accuracy % and the standard deviation (in parentheses) of four type of

mixture learnings using ten-fold cross-validation

where p(x; T
(k)

il ,Λ(k)) is the current mixture model,

φk+1(x) is the new component and α are the mixing

weights for the new components with the range of value

between 0 and 1 for α ∈ (0, 1). This is analogous to the

incremental training procedure called Greedy-EM for

unsupervised probability density estimation [6].
To find the new components, a set of candidate com-

ponents are obtained randomly from a data partitioning
techniques such as KD-tree [2]. Each candidate compo-
nent will adjust its parameter using the partial EM up-
date, where only the parameters of the new component
are updated. In the expectation step of the partial EM
[6], we compute the posterior probability as follows:

P (k + 1|xi) =
αφk+1(xj)

(1 − α)p(x; T
(k)

il
Λ

(k)
il

) + αφk+1(xj)
(6)

During the maximization step, the component parame-
ters are updated as:

αi(k+1) =
1

Ni

Ni∑

j=1

P (k + 1|xj), (7)

µi(k+1) =

∑Ni

j=1
P (k + 1|xj)xj

∑Ni

j=1
P (k + 1|xj)

(8)

Σi(k+1) =

∑Ni

j=1
P (k + 1|xj)(xj − µj)(xj − µj)

T

∑Ni

j=1
P (k + 1|xj)

(9)

After applying the partial EM steps for each candidate

components, we compute the mixture selection score

for the set of candidate initial parameter for component

k + 1 using either (3) or (4). The process is then re-

peated for all classes. In all, the novel classifier design

techniques is summarized in Algorithm (1).

4 Experiments

Experiments have been conducted on UCI machine

learning datasets [5] to demonstrate the performance of

the proposed classifier design. The number of patterns,

features and classes for those datasets are listed in Ta-

ble (3). For each dataset, in order to obtain an estimate

of the generalization error, ten-fold cross-validation was

used, i.e. ten experiments were conducted, with one of

the folds used for testing and the remaining nine folds

for training. In each experiment, nine classifiers were

Algorithm 1 Incremental classifier learning.

Require: K as the maximum number of mixture

P as the maximum number of candidates

1: for Class indicated by i such that 1 ≤ i ≤ M do

2: Start with one-mixture model computed as follows:

µi1 =
1

Ni

∑

x∈Ci

x

Σi1 =
1

Ni

∑

x∈Ci

(x − µi1)(x − µi1)
T

wi1 = 1

3: while the number of mixture k is less than K do

4: Prepare a set randomly-chosen candidates of size P .

5: Apply EM update equations (7), (8), (9) to each of the candidates

until convergence.

6: Increase the mixture to k + 1 by combining existing k mixtures

with the candidates.

7: Apply conventional EM update equations for all k + 1 mixture.

8: Compute the model selection criteria for each candidate using ei-

ther (3) or (4).

9: end while

10: Set the candidates with the highest scores as the model for class i

11: end for

constructed using one of the nine folds as a validation

set and the remaining eight folds for the incremental

training process (training set). The combination of mix-

tures that provides the minimum expected error proba-

bility on the nine runs were selected and subsequently

evaluated using the data of the test fold.

Four type of experiments were conducted in this

study. The first two type of experiments are based on

non-incremental (k-means) mixture learning with two

different mixture selection criteria, i.e. using BIC and

DIC model selection. The other two type of experi-

ments use the same mixture selection criteria, but they

are based on incremental mixture learning. Most con-

ventional mixture-based classifier design is based on

non-incremental version with BIC criteria. Incremen-

tal version with BIC criteria is somewhat common. The

incremental version with DIC criteria is the technique

proposed in this study. The non-incremental version

with DIC criteria is included for completeness purpose.

The results of this study are summarized into two tables,

i.e., Table (1) and Table (2).



Datasets Cancer Heart Iris New Thyroid Wine Zoo

Non-Incremental
BIC 115.5(36.7) 184.3(41.1) 57.5(10.6) 51.0(14.7) 105.0(31.2) 425.3(76.9)

DIC 97.7(32.4) 190.0(22.9) 58.3(10.4) 58.1(16.7) 106.9(12.73) 435.60(47.9)

Incremental
BIC 110.0(27.9) 173(37.5) 52.0(8.9) 58.60(10.9) 102.60(7.9) 325(50.9)

DIC 66.0(30.9) 82.0(12.7) 42.0(22.7) 49.8(21.25) 88.5(20.9) 224.0(60.5)

Table 2. The average number of free parameter and the standard deviation (in parentheses) of

four type of mixture learning using ten-fold cross-validation

Dataset Number of Number of Number of

Classes Samples Features

Cancer 2 683 9

Glass 6 214 9

Iris 3 150 4

New Thyroid 3 215 5

Wine 3 178 13

Zoo 7 101 16

Table 3. Characteristics of the datasets

We can observe from Table (1) that the incremental

and non-incremental models with BIC selection do not

show significant difference in term of accuracy. Simi-

larly, the incremental and non-incremental models with

DIC criterion do not indicate that significant difference

in accuracy. However, we do observe that models with

DIC criterion have higher accuracy compared to the cor-

responding models with BIC criterion regardless if the

mixtures are obtained incrementally or not. The reason

is simply that the BIC criterion for a class is computed

from the model and data for that specific class. On the

other hand, the DIC criterion for a class is obtained from

all data including those that do not belong to the specific

class.

From Table (2), we can observe that the incremen-

tal or non-incremental with BIC selection use approx-

imately the same number of parameters in order to

achieve comparable accuracy. In the case of DIC selec-

tion, although the accuracies of the incremental models

are comparable to that of the non-incremental models,

the incremental models consistently require fewer pa-

rameters the non-incremental models. We believe this

is due to fact that the incremental version does not face

the initialization problems as those faced by the non-

incremental models. Thus, coupling incremental ver-

sion with model selection with discriminative capability

is really a good approach for classifier design.

Notice that the mixture structure Til is selected dis-

criminatively in thise study. However, the mixture pa-

rameter Λil are not optimized discriminatively. It is pos-

sible to optimize the mixture parameter Λil further us-

ing MCE framework [3].

5 Conclusion

In this paper, we have proposed a novel Bayes clas-

sifier design that considers simultaneous estimation of

both class-conditional density and inter-class bound-

aries. To obtain this classifier, we have used the incre-

mental Gaussian mixture learning to mitigate the lack

of true functional form of class-conditional density. The

difficulties of accurate estimation the classifier parame-

ter (the inter-class boundaries) during the learning pro-

cess is solved by using DIC mixture selection. From the

experiments with UCI machine learning datasets, the

proposed classifiers with incremental mixture learning

and discriminative mixture selection are shown not only

to have better performance but also to require fewer pa-

rameters than the conventional classifiers. Furthermore,

this DIC criterion is chosen due to its close relation to

the Minimum Classification Error (MCE) classifier de-

sign framework. In this future, we plan to investigate

the use of the MCE discriminative training framework

on the mixture model learned using this framework.
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