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Abstract

In this paper, we propose a non-parametric
Discriminant Analysis method (no assumption on the
distributions of classes), called Parzen Discriminant
Analysis (PDA). Through a deep investigation on the
non-parametric density estimation, we find that
minimizing/maximizing the distances between each
data sample and its nearby similar/dissimilar samples
is equivalent to minimizing an upper bound of the
Bayesian error rate. Based on this theoretical analysis,
we define our criterion as maximizing the average
local dissimilarity scatter with respect to a fixed
average local similarity scatter. All local scatters are
calculated in fixed size local regions, resembling the
idea of Parzen estimation. Experiments in UCI
machine learning database show that our method
impressively outperforms other related neighbor based
non-parametric methods.

1. Introduction

In statistical pattern recognition, we keep on seeking
feature extraction methods in order to describe the
original data more efficiently and effectively. One
process of obtaining such features from supervised data
is Discriminant Analysis (DA). Linear Dimensionality
Reduction (LDR) for classification purpose is one of
the most important types of DA method for its
computational efficiency. These methods actually learn
a linear transformation that maps the data to a lower
dimensional subspace in which the discriminative
information can be maintained as much as possible.

Traditional DA methods seek to optimize criteria
which are either related to the upper bound of Bayesian
error rate (Chernoff bound [1], for instance), or
empirically demonstrating monotonicity with the error
rate (e.g. the Kullback-Leibler Divergence [1] or
the ¢ -measure [6]). When using these criteria, the

distribution of each class is supposed to be normal. The
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well-known Linear Discriminant Analysis (LDA) [1]
even further assumes that the covariance of all classes
be equal. These methods can be regarded as parametric
DA methods, with parameters represented as the mean
and the covariance of the supposed normal
distributions. The normal distribution assumption
sometimes approximately holds, considering LDA
performs well in many applications. But such methods
cannot work well for complex distributions. In
contrast, non-parametric methods without the
assumption of distributions can deal with this sort of
data.

The methods in [2, 3, 8, 9] can be considered as
non-parametric DA methods. Their criteria are defined
to minimize/maximize the distances between each
sample and its nearby similar (with the same class
label)/dissimilar (with different class labels) samples.
Since non-parametric density estimation methods are
also based on the relationship between samples and
their neighbors, the idea of this sort of methods should
have a statistical explanation, though they did not
propose the methods from this view, but only from the
geometrical intuition, in their papers.

Other sorts of non-parametric methods include [7,
11], which calculate their error rate based criteria by
the non-parametrically estimated distribution other
than by the supposed normal distribution; and [4, 10],
which directly define the criteria according to the
decision boundary. Here, we do not discuss them in
detail, but only focus on the neighbor based methods.

Using similar/dissimilar neighbors to define the
criteria is an intuitive and rational idea for non-
parametric DA. Methods based on this idea therefore
may have good performances. At the same time,
theoretical analysis on the relationship between this
intuitive idea and the error rate is also very important,
for it provides the explanation of the idea in the
statistical view and reveals the best achievable
performance of such methods in ideal situations.



However, this analysis, which provides a theoretical
support for using similar/dissimilar neighbors, has not
aroused enough attention by related methods before. In
this paper, we investigate the non-parametric density
estimation and find that minimizing/maximizing the
distances between each sample and its similar/dissi-
milar neighbors is equivalent to minimizing an upper
bound of the Bayesian error rate.

From the theoretical analysis, all neighbor based
DA criteria can be considered as to minimize this
upper bound. Two important things thereby emerge:
one is the selection of the neighbors; the other is the
formulation of the optimization function. We find that
the criteria of previous methods are improperly defined
in terms of these two aspects. In this paper, we propose
a new neighbor based non-parametric DA method,
called Parzen Discriminant Analysis (PDA). Our
criterion is defined as maximizing the average local
dissimilarity scatter with respect to a fixed average
local similarity scatter. All local scatters are calculated
in fixed size local regions.

In summary, our contribution lies on two aspects: 1)
The theoretical explanation of the basic idea of
neighbor based methods; 2) A new non-parametric DA
method in which the definition of the criterion is more
effective. In the following two sections, we present the
theoretical analysis and the proposed method in detail,
and also provide a comparison with related methods.
Finally, in the experiment we show that our method
remarkably outperforms other neighbor based methods
as well as the classic LDA.

2. Parzen Discriminant Analysis

In non-parametric density estimation, the basic idea
of estimating the density p(x) at x is counting the
number of samples in the neighborhood of x. For a
neighborhood with volume V', p(x) does not change
much in the area if V' is small. Therefore, the density
at X can be estimated as:

o) = SO 1)

where k(x) is the number of samples in the

neighborhood, N is the total number of samples. And
if N — oo the estimation can become very accurate.

In classification tasks, the posterior probability
can be also estimated in the similar way. Note that

p(@; [ %)= p(x,@,)/ p(x) 2)
where @), denotes the i -th class. And we have
. k.(x)/N
p(x,w,-)=—'(; (3)

where k,(x) is the number of samples which are in the

neighborhood of x and belong to class i . Therefore,
the posterior probability of class i at x is

p(@,|x) = p(x,@)/ p(x) = k;(x)/ k(x) 4)
Because the Bayesian error rate of a given x is
ple|x)=1-max(p(e|x)) (5)

one can estimate the error rate by counting the numbers
of samples belonging to different classes and select the
biggest one to divide the total number of samples in
x ’s neighborhood. But in practice, it might be easy to
falsely determine the major class in this way, for we
always cannot have unlimited samples.

A much safer strategy to estimate the error rate is
using the similar/dissimilar samples. Because of the
limitation of samples, this strategy may have a better
estimation on the error rate. Specifically, if we know
that x belongs to class j, it is most possible that

mlaX(p(w,- [x) = p(@, |x) (6)

Therefore, if we know that the sample x belongs to
class j (the training data can provide such

information), we can select p(®; | x) as the maximum
posterior prob-ability. Here p(®;|x) can be estimated

by counting the similar/dissimilar samples in x ’s
neighborhood.

Consequently, by this strategy, we actually have the
probability of p(w |x) to select p(w |x) as the
maximum posterior probability for a given x, where
i=1,2,..c and c is class number. Thus, we have the

expectation of the estimation of p(e|x) as

plelx)=1-3 p*(@,]x) (7

Note that (7) is exactly the same error rate of

Nearest Neighbor classifier when N — . It is well-

known that this error rate is bounded by two times of
Bayesian error rate [1].

From the analysis above, we find the theoretical
support for using similar/dissimilar neighbors to define
the DA criterion. That is, to minimize the upper bound
(7) of Bayesian error rate, we have to maintain in each
sample’s neighborhood as many similar samples, and
as few dissimilar samples as possible.

We want to define our criterion to minimize the
upper bound and at the same time expect an analytical
solution, which is known as the LDA’s advantage and
is very important for the convenience of practical uses.

Both these two goals can be attained by
minimizing/maximizing the average distance between
samples and their similar/dissimilar neighbors (see
figure 1 (a)). Similar with LDA, for the purpose of
learning a linear subspace, our criterion can be defined
as maximizing the average local dissimilarity scatter



S, with respect to a fixed average local similarity

scatter S, , namely,

T ior W) =tr(WS, W' WS, W") ®)
S _ s 1 D%, —x,)(x, —x,)
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1(x;)=1(x;)

where R(x,) denotes the neighborhood of x,, and
X, € R(x,) if "x,. —xj"S F. Niw,/! Nk, denotes the

similar/dissimilar sample numbers in R(x;). Because

the idea of using fixed size local regions is similar with
Parzen density estimation, we then call our method as
Parzen Discriminant Analysis.

To optimize the criterion, we can do eigenvalue

decomposition of the matrix S;'S, and select d

eigenvectors associated with the largest d eigenvalues
as the row vectors of the projection matrix W.

The parameter » determines the numbers of samples
which we use to calculate local scatters. To set the
parameter easier in practice, one can first find a
reference value A which is equal to the average
distance between each sample and its nearest neighbor,
and set » = €A. In this way, one can use £, which is
less sensitive to different data, to replace r.

3. Previous Neighbor Based Methods

In [2], the authors wuse the nearest
similar/dissimilar neighbor of each sample to calculate
the local scatters, whereas we use multiple neighbors
contained in each sample’s local region. In [8], the
authors use & nearest similar/dissimilar neighbors to
calculate local scatters. The difference is that they use
the fixed number of neighbors, whereas we only
consider the samples in a local region. So we neglect
the dissimilar samples too far away from each sample,
in other words, we only focus on the samples near the
boundary of different classes when calculating the
dissimilarity scatter, whereas they using all samples
(see figure 1 (b)). In addition, their criterion is defined
as JW)=W(S,—S, )W and W is restricted to be
orthogonal. In our opinion, however, the subtract form
is not proper. The ratio form, as we use, is invariant to

the different scales in different dimensions, whereas
the subtract form is not.

. The
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The local

region for

. .- ‘calculating
T " the scatters

(b) "

Figure 1. (a) Minimize/maximize the average distance
between the sample and its neighbors in the local region (the
larger circle) in order to maintain in the neighborhood (the
smaller circle) more/less similar/dissimilar samples. (b) The
dissimilar sample of sample B (A) should (should not) be
included to calculate the local dissimilarity scatter.

In [9], the authors calculate the similarity scatter in
the same way as in [8], and calculate the dissimilarity
scatter by using sample pairs on the boundaries. But
they simply find & nearest pairs of samples with
different class labels to describe the boundaries. The
parameter k, however, is very difficult to set.

In summary, previous neighbor based methods also
use similar/dissimilar neighbors, but not in the most
proper ways. They have some problems in either the
selection of neighbors or the formulation of optimizing
function. In contrast, our method is more rational and
effective in terms of the two aspects.

4. Experiment

We test on six datasets of the UCI repository [12].
The experiment covers a large range of original
dimensions and class numbers. Except for the ‘Vowel’
dataset which has its own training/testing sets, we
divide each dataset into ten-fold and do cross-
validation to estimate the mean classification error
rates. In the experiment, we compare our method with
NDA [2] and ANMM [8], which are non-parametric
neighbor based methods, and with the classic LDA
which is parametric. To compare the rationality of
subtract form and the ratio form we mentioned in
section 3.2, we also give the result obtained by MMC
[5] which uses the same within/between class scatters
with LDA but the criterion is of the subtract form.

The best classification results of every method in
each dataset are listed in table 1, and the results with
various dimensions of the “Wine’ dataset are illustrated
in figure 2 (a). Here each method’s parameters are set
to be optimal. We use the NN classifier which is a non-
parametric  classifier. For fair comparison, all
projection matrices learned by different methods are
orthogonalized. Because these methods’ criteria
actually only learn the discriminative subspace, not the
affine transformation.



Table 1. The results: lowest mean error rate (%) and the
corresponding dimension (in bracket). ‘Full’ denotes no
dimension reduction. Best results are marked by asterisks.

Datasets Full LDA MMC NDA ANMM PDA
Pima 332 | 31.6() | 32.1(7) | 343(3) 30.74) | 28.703)*
WDBC 8.6 43(1) | 10.029) | 4.810) 8.4(3) 3.03)*
Sonar 18.0 | 27.5(1) | 150(55) | 12.0Q21) | 13.0(05) | 11.045)*
Wine 218 12Q2) | 21230) | 11.2Q2) 21.8(4) 0.03)*
Vehicle | 355 | 24.93) | 243(13) | 22.07) | 263(12) | 18.9(6)*
Vowel 452 | 44.609) | 47.409) | 44.809) 46309) | 42.08)*

Overall, we can see from table 1 that our method
remarkably outperforms other neighbor based methods
as well as LDA and MMC. Note that in the “WDBC’
and ‘Wine’ datasets, for instance, other non-parametric
methods perform even much worse than LDA. In
contrast, our method has impressive and stable
performs among all datasets.

0.8,
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Figure 2. (a) The classification error rates with various
dimensions in the ‘Wine’ dataset. (b) The influence of the
parameter £ (the attainable lowest error rate in various &€ ).

It can be also seen that the ratio form is better than
the subtract form from table 1. And note that in figure
2 (a), the performances of ANMM and MMC stop
increase even they are still not better than no
dimension reduction. They might fail to capture the
real discriminative subspace, due to the improperly
defined criteria. The influence of the parameter & is
also shown in figure 2 (b). One can see that our method
is not very sensitive to the parameter.

We have also tried our method in some face
recognition tasks, though the statistical nature of the
data is not obvious. Since the data is too sparse (very
few samples in each class and very high original
dimension), local regions, which have to be large
enough to contain sufficient similar samples for an
accurate calculation, inevitably contain much more
dissimilar samples (due to extreme imbalance of the
two types of samples). So, exerting a limitation on the
number of dissimilar samples becomes necessary. And
the limitation finally makes the criterion of PDA very
similar with those criteria using fixed number of
similar/dissimilar neighbors. So using fixed number of
neighbors may be a good strategy when dealing with
intensely sparse data.

5. Concluding Remarks

Through investigating the non-parametric density
estimation, we find that the basic idea of neighbor
based DA methods is equivalent to minimizing an
upper bound of Bayesian error rate. Based on this
theoretical analysis, we define a more proper non-
parametric DA criterion. Promising experimental
results in statistical pattern recognition tasks illustrate
the reasonability and effectiveness of our method.

Finally, it is worth noting that our method can be
easily extended to a kernelized version, by following
the similar steps of kernelizing LDA. With kernel PDA,
we can expect even more effective algorithm
performance and wider applications.
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