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Abstract

A Generalized Nonlinear Discriminant Analysis
(GNDA) method is proposed, which implements
Fisher discriminant analysis in a nonlinear mapping
space. Linear discriminant analysis in the nonlinear
mapping space corresponds to nonlinear discriminant
analysis in an input space. GNDA suggests a unified
framework of nonlinear discriminant analysis which
includes the kernel Fisher discriminant analysis as a
specific case. Experimental results on UCI data sets
demonstrate the validity of our method.

1. Introduction

In pattern recognition and other data analytic tasks
it is often necessary to perform feature extraction and
dimensionality reduction for the high dimensionality
of original data. Linear discriminant analysis (LDA),
also known as Fisher linear discriminant is one of
commonly used methods [1]. However LDA only
extracts linear features of data, it may not work well if
data have nonlinear features. To remedy this limitation
of LDA, kernel Fisher discriminant (KFD), a kind of
nonlinear discriminant analysis (NDA) method, has
been developed for extracting nonlinear discriminant
features [2]. Kernel functions used in KFD must
satisfy Mercer’s condition [3, 4]. There are some
algorithms available for solving the optimization
problem of FDA besides the classical matrix inverse
plus eigendecomposition methods [11-14].

This paper proposes a generalized nonlinear
discriminant analysis (GNDA) method. Similar to
KFD, GNDA consists of two steps. First, data in
original space are mapped into a nonlinear mapping
space by using some nonlinear mapping function, and
LDA is implemented in the nonlinear mapping space.
Here the nonlinear mapping function can be any real-
valued nonlinear function, for instance, empirical
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mapping functions (or hidden functions) [5], Mercer
kernel mapping [3, 4], etc. However, only the Mercer
kernel mapping can be applied to KFD. As shown in
Section 3 GNDA shares the features with KFD for
they use the same and single Mercer kernel. In this
sense the GNDA method suggests a framework which
unifies the KFD method. The validity of GNDA is
demonstrated by the simulation on UCI dataset.

2. LDA and FDA

For a two-class problem, let X, ={x,,--,x,} and
Xzz{xl,m,xlz} be

respectively. Let X = X, U X, . Fisher Criterion is to
maximize

two-class  sample  set,

w'S,w

w'S, w @
where W is a linear transformation vector or matrix
S, and S are the between and within class scatter
matrices, respectively. For two-class problems, the
scatter matrices can be written as

S, :(ml_mz)(ml_mz )T 2
and

Sw = Zizzlzljzl,xjexi (Xi _mi)(xj _mi)T (3)

where m, is the i-th class sample mean given by

o .)/Ii . Maximizing (1) results in a generalized

j=lxeX; XJ
eigenvalue problem S,w=A4AS w

KFD is a kind of NDA methods [2]. For a two-class
problem, KFD has the following form

T
o S,a

max , 4
«  a'S.a @

where the quasi within-class scatter matrix
S, =KMK and the quasi between-class scatter



matrix Z; L(Kge, ~Ke)(K,e, ~Ke)

(K) (wa o

(Km)ij = k(xi’xj)xigx,xjgxm
e=[Yl]eR™, M=I-N, IeR"™ is the identify
Yl x.x;€ X,
0, otherwise
shown that MM =M and M' =M .

is a kernel gram matrix, ,

. e =[Yl ]eR"

matrix, and Nijz{ It can be

3. Generalized nonlinear discriminant
analysis (GNDA)

A GNDA method is presented in this section, which
implements LDA in a nonlinear mapping space. The

corresponding nonlinear mapping function g(x) can

be any real-valued nonlinear function. Let the set of
i.i.d. patterns be

(% ¥ eRy e{L2,Cli=L-. 1)

where C is the total number of classes and | the
number of samples. Let X be the m-th class sample

set. Namely the whole training set is X :Ufﬂxm
The number of samples in X, is denoted by I . thus

I_Zm lIm . The set of the mapped patterns in the

nonlinear mapping space can be expressed as
t9(x)eR"i=1- I} (5)

where g (x) is a pre-specified real nonlinear mapping,

N is the dimensionality of the nonlinear mapping
space. Let the sample matrix in the nonlinear mapping
space be

G=[9(x).9(x))9(x)]  ©
Obviously the sample matrix G is a real-valued
matrix with the size of N x| . Since the mapped
patterns in the nonlinear mapping space are definitely
known once the training samples are given. The
computation of any statistic about the samples in the
nonlinear mapping space is feasible, such as the mean
of examples which is impossible in Reproducing
Kernel Hilbert Space (RKHS). In the nonlinear

mapping space, scatter matrixes are defined as follows:

S, = mzc;lm (m, —m)(m, —m)'

C T
= Zm:lli (G,e, —Ge)(G,e, —Ge)

()

5,23 3 (s(x)-m,)(a(x)-m,) =GMG" (@)

S, =S, +S, ©)
where G, is the m-th class sample matrix consisting

of column vectors g(x;)

X;eXp

Specifically, if the nonlinear mapping function
takes an empirical mapping function, then the
nonlinear mapping space is the empirical mapping
space or the hidden space [5]. Of course, the kernel
functions (is required to satisfy the symmetry only)
can be used to construct the nonlinear mapping
function and are not constrained to the Mercer’s
condition. It is known that an empirical mapping
function can be constructed by a Mercer kernel

g(x)=[k(xx), - k(xx, )T (10)
or even a combination of multiple Mercer kernels
g(x) = [kl(x,xl),u-,kl(x,xml),k2 (X7X1)v"':
kz(x,xmz),-~-,kp (x,%;),+, K, (x,xmp )]T

where m,ml,---,mpSI , kl,kz,---,kp are any Mercer

(11)

kernels.

Theorem 1: Given a nonlinear empirical mapping
)=[k(x,x), k(% x, )]T, GNDA is
equivalent to KFD with the same Mercer kernel
k(xi,x j) .
features with KFD.

Proof: Given the nonlinear empirical mapping

=[k(x;.x,), .,k(xi,x,)}T ,
Obviously the sample matrix G =K . GNDA is to
maximize
T c T
.. w (Z:m:lli (Kmer:—Ke)(Kmem—Ke) )W 1)
w w KMKw

which is identical with the KFD problem (4). Namely
S,=S, and S, =S . The transformation matrix
w of GNDA can be found by solving the following
generalized eigensystem

Spw =4S, w (13)

Let the eigenvalues of (13) be {ﬂ,l} and the

function g

Namely GNDA shares the nonlinear

function

corresponding eigenvectors be {Vi} . Sort the

eigenvectors V, according to 4 in a descend order
W20y 2> Qe 2
first C—1 eigenvectors. The nonlinear features of
training samples extracted by GNDA are
Z=wK (14)
For KFD, its generalized eigenvalue problem is

Therefore w consists of the



S,a=7S,a (15)

Obviously (13) and (15) are the same problem. So if
a also consists of the first C -1 eigenvectors, then
a =w . In RKHS, there has

w'=Y%Ya (16)
where w' is the transformation matrix of KFD, V¥ is
the sample matrix in RKHS, and K =¥"¥ holds .
The nonlinear features of training samples extracted
by KFD are

Z2'=w"¥=¥Y"¥a=Ko=a'K (17)

Hence Z =Z". This completes the proof.

Theorem 1 shows that GNDA suggests a unified
framework of NDA which includes the KFD method
as a specific case.

In the GNDA problem, the basic generalized
eigenvalue problem is S,w =AS w . This problem

can be solved by matrix inversion plus
eigendecomposition, namely by applying
eigendecomposition on S.'S, if the scatter matrix S,

is non-singular. There are many methods available to
deal with the singularity problem (or under sample
problem) of S for LDA [6-9]. Through some elegant

constructions those methods also can be generalized to
GNDA, which will be discussed in another paper.
Here we focus on coping with the singularity problem
by adding a perturbation simply, similar to [2], or

S, =8, +ul (18)
where >0 is a very small positive constant say

10°®,and I isthe N by N identify matrix.

4.Simulation

In order to validate the performance of GNDA, we
performed some classification experiments on 10 UCI
data sets [10]. Table 1 shows the attributes of these
data sets.

For comparison, we also perform those with LDA

and KFD methods. We set =107 in all problems

for three methods. After features are extracted by
using these methods, classification was implemented
using 1-Nearest Neighbor method which uses the
standard L,-norm as distance measure. Especially we
use empirical mapping functions as nonlinear mapping
functions in GNDA. Gaussian RBF

kernel k(x,.x;)= EXp(—}/"xi _Xj"z) with

parameter ¥ >0 are used in KFD or to build the
empirical mapping.

For KFD, we use Gaussian RBF kernel. For GNDA,
we use two different nonlinear mapping constructions:
a single Gaussian RBF kernel, and a combination of
two Gaussian RBF kernels. We have to choose an

optimal Gaussian RBF kernel parameter from a
discrete set {2‘20,2‘19,---,24}. A 10-fold crossover

validation [1] is used to select the best kernel
parameter and estimated the average performance.
Table 2 shows the average performance of these
methods.

As we can see from Table 2, the performance of
KFD with Gaussian RBF kernel is identical to that of
GNDA with Gaussian RBF kernel completely, which
supports the Theorem 1. GNDA can adopt any real-
valued nonlinear mapping function, which is its
advantage over FDA. The combination of two RBF
kernels can get better performance than the RBF
kernel on almost all datasets except for Soy dataset.
From Table 1, we know the Soy data should be a
small sample dataset. Thus there has a highly
singularity problem. Here we only adopt the
perturbation method to avoid the singularity problem.
The perturbation method used to a singularity problem
can not solve the singularity problem of Soy dataset.

Table 1 10 Data Sets used in the experiments

Data set #Attributes | #Class | Training | Testing
Breast 9 2 699 -
Cleveland 13 5 303 i
heart
lonosphere 32 2 351 -
Wpbc 33 2 198 -
Iris 4 3 150 -
Liver 6 2 345 -
Pima 8 2 768 -
Sonar 60 2 208 -
Wine 13 3 178 -
Soy 208 17 289 -
5.Conclusions

A generalized nonlinear discriminant analysis
method is proposed in this paper. Any nonlinear real-
valued function can be used as nonlinear mapping
function in GNDA which circumvents the limitation
of the Mercer permissible condition. In the
experiments, the empirical nonlinear mapping which
is built by the combination of two Gaussian RBF
kernels is used as the nonlinear mapping. A better
performance than LDA and KFD is obtained on most
datasets. That is, GNDA provides another choice for
the nonlinear features extraction. To obtain a better
performance than KFD is possible if a suitable
nonlinear mapping is used. On the other hand GNDA
shares the nonlinear feature with KFD for the same
kernel is used. In this sense the GNDA method unifies
the KFD method.



Table 2 Performance comparison of three methods

LDA KFD GNDA GNDA
Dataset (RBF kernel) (RBF kernel) (RBF + RBF kernel)

Error (%) ¥ Error (%) ¥ Error (%) 1% Error (%)
Breast 4.14+3.19 21 3.43+2.79 2" 343+2.79 @ 2Y 2.72+2.37
Cleveland Heart 20.8345.22 2% 19.9645.29 2% 19.9645.29 (24 2% 15.81+8.53
lonosphere 18.06+4.19  2°  8.24+3.72 2° 8244372 (4, 2%  4.1743.00
Wpbc 21.11+8.40 2 22.11+11.23  2° 22.11+11.23 (2%, 29 18.17+8.51
Iris 2.67+4.66 27 2674344 27 2674344 (2%27)  2.00+4.50
Liver 37.86+7.42 2 31.33+4.99 2! 31.33+4.99  (2%,27)  29.81+6.14
Pima 31.90+4.39 2 28654511 2% 28654511 (2% 2% 27.34+3.22
Sonar 26.29+9.40 21 9.57+5.90 2t 9574590 (2% 2%  85746.27
Wine 1.67+2.68 2B 0.56x1.76 28 0.56x+1.76 7,2  0.56+1.76
Soy 2.08+1.79 2 1.03+1.67 2 1.03+1.67 (28,21  2.76+3.17

Here we do not discuss the singularity problem for the
within-class scatter matrix, only use a simple
perturbation method to avoid its singularity. From
experimental results, we can see that this method
works badly for highly singularity problem. The future
work is to solve this problem based on [6-9]. The
mathematical programming implementation for
GNDA is also an aspect of the future work.
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